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STRUCTURAL ASPECTS OF VIRTUAL TWIN GROUPS
TUSHAR KANTA NAIK, NEHA NANDA, AND MAHENDER SINGH
Abstract. Study of certain isotopy classes of a finite collection of immersed circles without triple
or higher intersections on closed oriented surfaces is considered as a planar analogue of virtual knot
theory with the genus zero case corresponding to classical knot theory. Alexander and Markov
theorems are known in this setting with the role of groups being played by a class of right-angled
Coxeter groups called twin groups, denoted Tn, in the genus zero case. For the higher genus case,
the role of groups is played by a new class of groups called virtual twin groups, denoted V Tn. A
virtual twin group V Tn contains the twin group Tn and the pure virtual twin group PV Tn, an
analogue of the pure braid group. The paper investigates in detail some structural aspects of these
groups. We prove that the pure virtual twin group PV Tn is an irreducible right-angled Artin group
with trivial center and give it’s precise presentation. We show that PV Tn has a decomposition as
an iterated semidirect product of infinite rank free groups. We also give a complete description
of the automorphism group of PV Tn. As applications, we show that V Tn is residually finite and
PV Tn has the R∞-property. Along the way, we also obtain a presentation of V T ′n and a freeness
result on PV T ′n.
1. Introduction
Doodles on a 2-sphere were introduced by Fenn and Taylor [14] as a finite collection of simple
closed curves without triple or higher intersections on a 2-sphere. Allowing self intersection of
curves, Khovanov [25] extended the idea to a finite collection of closed curves without triple or
higher intersections on a closed oriented surface. He also introduced an analogue of the link group
for doodles and constructed several infinite families of doodles whose fundamental groups have
infinite centre. Recently, Bartholomew-Fenn-Kamada-Kamada [5, 6] extended the study of doodles
to immersed circles on closed oriented surfaces of any genus, which can be thought of as planar
analogue of virtual knot theory. It is a natural problem to look for invariants that could classify
these geometric objects. Coloring of diagrams using a special type of algebra has been used to
construct an invariant for virtual doodles [4]. Further, an Alexander type invariant for oriented
doodles which vanishes on unlinked doodles with more than one component has been constructed
in a recent work [7].
Analogous to classical knot theory, the theory of doodles is modelled on an appropriate class of
groups. The role of groups for doodles on a 2-sphere is played by so called twin groups. The twin
groups Tn, n ≥ 2, form a special class of right-angled Coxeter groups and first appeared in the work
of Shabat and Voevodsky [41], wherein they were referred as Grothendieck cartographical groups.
Later, these groups were brought to light by Khovanov [25] under the present name, who also gave
a geometric interpretation of these groups similar to the one for classical braid groups. Consider
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configurations of n arcs in the infinite strip R × [0, 1] connecting n marked points on each of the
parallel lines R× {1} and R× {0} such that each arc is monotonic and no three arcs have a point
in common. Two such configurations are equivalent if one can be deformed into the other by a
homotopy of such configurations in R× [0, 1] keeping the end points of arcs fixed. An equivalence
class under this equivalence is called a twin. The product of two twins is defined by placing one
twin on top of the other, and the collection of all twins with n arcs under this operation forms a
group that is isomorphic to Tn. Taking the one point compactification of the plane, one can define
the closure of a twin on a 2-sphere analogous to the closure of a geometric braid in R3. Khovanov
also proved that every oriented doodle on a 2-sphere is closure of a twin, which is an analogue of
classical Alexander Theorem. An analogue of Markov Theorem for doodles on a 2-sphere has been
established recently by Gotin [20].
The pure twin group PTn is the kernel of the natural surjection from Tn onto the symmetric
group Sn on n symbols, and can be thought of as a planar analogue of the pure braid group. In
a recent work [3], Bardakov-Singh-Vesnin proved that PTn is free for n = 3, 4 and not free for
n ≥ 6. Gonza´lez-Leo´n-Medina-Roque [19] showed that PT5 is a free group of rank 31. A precise
description of PT6 has been obtained recently by Mostovoy and Roque-Ma´rquez [32] wherein they
proved that PT6 ∼= F71 ∗20
(
Z⊕Z). Finally, a complete presentation of PTn has been announced in
a recent preprint by Mostovoy [31]. Automorphisms, (twisted) conjugacy classes and centralisers
of involutions in twin groups have been explored in recent works of the authors [35, 36]. It is worth
noting that (pure) twin groups have been used by physicists [21] who refer them as (pure) traid
groups.
It is quite reasonable to think of the study of suitable isotopy classes of immersed circles without
triple or higher intersection points on closed oriented surfaces as a planar analogue of virtual knot
theory where the genus zero case corresponds to classical knot theory. As noted before Alexander
and Markov theorems for the genus zero case are already known with the role of groups being played
by twin groups. A recent work [37] by Nanda and Singh proves Alexander and Markov theorems
for the higher genus case. It is proved that virtual twin groups, denoted V Tn, introduced in [3]
as abstract generalisation of twin groups, play the role of groups in the theory of virtual doodles.
The virtual twin group V Tn contains the twin group Tn and the symmetric group Sn in a natural
way. A pure analogue of the virtual twin group called the pure virtual twin group, denoted PV Tn,
is defined as the kernel of the natural surjection from V Tn onto Sn.
The purpose of this paper is to investigate structural aspects of (pure) virtual twin groups in detail.
We begin by recalling the definition and the geometrical interpretation of virtual twin groups in
Section 2. In Section 3, we obtain a presentation of the pure virtual twin group PV Tn (Theorem
3.3), which quite interestingly turns out to be an irreducible right-angled Artin group. As an
application, we deduce that V Tn is residually finite (Corollary 3.5). In Section 4, we prove that
PV Tn can be written as an iterated semidirect product of infinite rank free groups (Theorem 4.1),
which is an analogue of a similar result for pure braid groups [30] and pure virtual braid groups
[2]. As a consequence, we show that PV Tn, and hence V Tn has trivial center (Corollary 4.2).
Section 5 is devoted to the study of automorphisms of PV Tn and we give a complete description
of Aut(PV Tn) (Theorem 5.7). Understanding of automorphisms of PV Tn help us to conclude
that PV Tn has R∞-property if n ≥ 3 and n 6= 4 (Theorem 5.8). In the last section 6, we obtain
a presentation for the commutator subgroup of V Tn (Theorem 6.2) which is achieved by giving a
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reduced presentation of V Tn (Theorem 6.1). We conclude with a freeness result for the commutator
subgroup of PV Tn (Theorem 6.3).
We conclude the introduction by setting some notation. For elements g, h of a group G, we denote
the commutator g−1h−1gh by [g, h] and the element h−1gh by gh.
2. Preliminaries
The virtual twin group V Tn, n ≥ 2, is a generalisation of the twin group Tn. The group V Tn has
generators {s1, s2, . . . , sn−1, ρ1, ρ2, . . . , ρn−1} and defining relations
s2i = 1 for i = 1, 2, . . . , n− 1,(2.0.1)
sisj = sjsi for |i− j| ≥ 2,(2.0.2)
ρ2i = 1 for i = 1, 2, . . . , n− 1,(2.0.3)
ρiρj = ρjρi for |i− j| ≥ 2,(2.0.4)
ρiρi+1ρi = ρi+1ρiρi+1 for i = 1, 2, . . . , n− 2,(2.0.5)
ρisj = sjρi for |i− j| ≥ 2,(2.0.6)
ρiρi+1si = si+1ρiρi+1 for i = 1, 2, . . . , n− 2.(2.0.7)
Note that the twin group Tn has a presentation〈
s1, s2, . . . , sn−1 | s2i = 1 for 1 ≤ i ≤ n− 1 and sisj = sjsi for |i− j| ≥ 2
〉
,
and hence is naturally a subgroup of V Tn. Analogous to (virtual) braid groups, virtual twin groups
have a nice geometrical interpretation (see [37] for more details). We consider a set Q of fixed n
points on the real line R. Then a virtual twin diagram on n strands is a subset D of the strip
R× [0, 1] consisting of n intervals called strands such that the boundary of D is Q×{0, 1} and the
following conditions are satisfied:
(1) the natural projection R× [0, 1]→ [0, 1] maps each strand homeomorphically onto [0, 1],
(2) the set V (D) of all crossings of the diagram D consists of transverse double points of D
where each crossing has the pre-assigned information of being a real or a virtual crossing
as depicted in Figure 1. A virtual crossing is depicted by a crossing encircled with a small
circle.
Figure 1. Real and virtual crossings
We say that two virtual twin diagrams D1 and D2 on n strands are equivalent if one can be obtained
from the other by a finite sequence of planar Reidemeister moves as shown in Figure 2 and isotopies
of the plane.
A virtual twin is then defined as an equivalence class of such virtual twin diagrams. The product
D1D2 of two virtual twin diagrams D1 and D2 is defined by placing D1 on top of D2 and then
shrinking the interval to [0, 1]. It is clear that if D1 is equivalent to D
′
1 and D2 is equivalent to
4 TUSHAR KANTA NAIK, NEHA NANDA, AND MAHENDER SINGH
Figure 2. Reidemeister Moves
D′2, then D1D2 is equivalent to D′1D′2. Thus, there is a well-defined binary operation on the set
of all virtual twins on n strands. It has been shown in [37, Proposition 3.3] that the set of all
virtual twins on n strands is a group that is isomorphic to the abstractly defined group V Tn. The
generators si and ρi of V Tn can be geometrically represented as in Figure 3.
Figure 3. Generator si and ρi
Note that V T2 ∼= Z2∗Z2, the infinite dihedral group. We can identify the subgroup 〈ρ1, ρ2, . . . , ρn−1〉
of V Tn with the symmetric group Sn on n symbols. There is a natural surjection pi : V Tn → Sn
given by
pi(si) = pi(ρi) = ρi
for all 1 ≤ i ≤ n − 1. The kernel PV Tn of this surjection is called the pure virtual twin group on
n strands. The group PV Tn is an analogue of the pure virtual braid group. The inclusion map
Sn ↪→ V Tn is a splitting of the exact sequence
1→ PV Tn → V Tn → Sn → 1,
and hence V Tn = PV Tn o Sn.
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3. Presentation of pure virtual twin group PV Tn
In this section, we give a presentation of PV Tn. We show that the rank of PV Tn is n(n − 1)/2,
which, interestingly, coincides with the rank of the pure braid group.
We shall use the standard presentation of V Tn and the Reidemeister-Schreier method [28, Theorem
2.6]. Take the set
Mn =
{
m1,i1m2,i2 . . .mn−1,in−1 | mk,ik = ρkρk−1 . . . ρik+1 for each 1 ≤ k ≤ n− 1 and 0 ≤ ik < k
}
as the Schreier system of coset representatives of PV Tn in V Tn. We set mkk = 1 for 1 ≤ k ≤ n−1.
For an element w ∈ V Tn, let w denote the unique coset representative of the coset of w in the
Schreier set Mn. By Reidemeister-Schreier method, the group PV Tn is generated by the set{
γ(µ, a) = (µa)(µa)−1 | µ ∈ Mn and a ∈ {s1, . . . , sn−1, ρ1, . . . , ρn−1}
}
.
with defining relations{
τ(µrµ−1) | µ ∈ Mn and r is a defining relation in V Tn
}
,
where τ is the rewriting process. More precisely, for an element g = g1g2 . . . gk ∈ V Tn, we have
τ(g) = γ(1, g1)γ(g1, g2) . . . γ(g1g2 . . . gk−1, gk).
We set
λi,i+1 = siρi
for each 1 ≤ i ≤ n− 1 and
λi,j = ρj−1ρj−2 . . . ρi+1λi,i+1ρi+1 . . . ρj−2ρj−1
for each 1 ≤ i < j ≤ n and j 6= i+ 1. These notations will be used throughout this section.
Theorem 3.1. The pure virtual twin group PV Tn on n ≥ 2 strands is generated by
S = {λi,j | 1 ≤ i < j ≤ n}.
Proof. The case n = 2 is immediate, and hence we assume n ≥ 3. Note that PV Tn is generated by
the elements γ(µ, a), where µ ∈ Mn and a ∈ {s1, . . . , sn−1, ρ1, . . . , ρn−1}. We observe that
α = α,
α1si1 . . . αksik = α1ρi1 . . . αkρik
in V Tn for words α, αj in the generators {ρ1, . . . , ρn−1}. Therefore, we have
γ(µ, ρi) = (µρi)(µρi)
−1 = 1
and
γ(µ, si) = (µsi)(µρi)
−1 = µsiρiµ−1 = µλi,i+1µ−1
for each µ ∈ Mn and i = 1, 2, . . . , n − 1. Let S unionsq S−1 = {λ±1i,j | λi,j ∈ S}. We claim that each
γ(µ, si) lie in S unionsq S−1. For this, we analyse the conjugation action of Sn = 〈ρ1, . . . , ρn−1〉 on the
set S.
First consider λi,i+1 for i = 1, 2, . . . , n− 1.
(i) If 1 ≤ k ≤ i− 2 or i+ 2 ≤ k ≤ n− 1, then
ρkλi,i+1ρk = λi,i+1.
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(ii) If k = i− 1, then
ρkλi,i+1ρk = ρi−1λi,i+1ρi−1
= ρi−1siρiρi−1
= ρi−1siρi−1ρi−1ρiρi−1
= ρisi−1ρiρi−1ρiρi−1
= ρisi−1ρi−1ρiρi−1ρi−1
= ρi(si−1ρi−1)ρi
= λi−1,i+1.
(iii) If k = i, then
ρkλi,i+1ρk = λ
−1
i,i+1.
(iii) If k = i+ 1, then
ρkλi,i+1ρk = λi,i+2.
Next, we consider λi,j for each 1 ≤ i < j ≤ n and j 6= i+ 1.
(i) If 1 ≤ k ≤ i− 2 or j + 1 ≤ k ≤ n− 1, then
ρkλi,jρk = λi,j .
(ii) For k = i− 1, we have ρi−1λi,jρi−1 = λi−1,j since
ρi−1λi,jρi−1 = ρi−1ρj−1ρj−2 . . . ρi+1λi,i+1ρi+1 . . . ρj−2ρj−1ρi−1
= ρj−1ρj−2 . . . ρi+1ρi−1λi,i+1ρi−1ρi+1 . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+1ρi−1siρiρi−1ρi+1 . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+1ρiρiρi−1siρiρi−1ρi+1 . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+1ρisi−1ρiρi−1ρiρi−1ρi+1 . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+1ρisi−1ρiρiρi−1ρiρi+1 . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+1ρi(si−1ρi−1)ρiρi+1 . . . ρj−2ρj−1
= λi−1,j .
(iii) For k = i, we have ρiλi,jρi = λi+1,j , since
ρiλi,jρi = ρiρj−1ρj−2 . . . ρi+1λi,i+1ρi+1 . . . ρj−2ρj−1ρi
= ρj−1ρj−2 . . . ρiρi+1λi,i+1ρi+1ρi . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρiρi+1siρiρi+1ρi . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+2si+1ρiρi+1ρiρi+1ρi . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+2si+1ρiρiρi+1ρiρi . . . ρj−2ρj−1
= ρj−1ρj−2 . . . ρi+2(si+1ρi+1)ρi+2 . . . ρj−2ρj−1
= λi+1,j .
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(iv) If i+ 1 ≤ k ≤ j − 2, then
ρkλi,jρk = ρkρj−1 . . . ρk+1ρk . . . ρi+1λi,i+1ρi+1 . . . ρkρk+1 . . . ρj−1ρk
= ρj−1 . . . ρkρk+1ρk . . . ρi+1λi,i+1ρi+1 . . . ρkρk+1ρk . . . ρj−1
= ρj−1 . . . ρk+1ρkρk+1ρk−1 . . . ρi+1λi,i+1ρi+1 . . . ρk−1ρk+1ρkρk+1 . . . ρj−1
= ρj−1 . . . ρk+1ρkρk−1 . . . ρi+1λi,i+1ρi+1 . . . ρk−1ρkρk+1 . . . ρj−1
= λi,j .
(v) If k = j − 1, then
ρkλi,jρk = λi,j−1.
(vi) If k = j, then
ρkλi,jρk = λi,j+1.
Hence, each generator γ(µ, si) lie in the set S unionsq S−1. Conversely, if λi,j ∈ S is an arbitrary
element, then we see that conjugation by (ρi−1ρi−2 . . . ρ2ρ1)(ρj−1ρj−2 . . . ρ3ρ2) maps λ1,2 to λi,j ,
whereas conjugation by (ρi−1ρi−2 . . . ρ2ρ1)(ρj−1ρj−2 . . . ρ3ρ2ρ1) maps λ1,2 to λ−1i,j . That is, each
λi,j = µλ1,2µ
−1 = γ(µ, s1) for some µ ∈ Mn, and hence S generates the group PV Tn. 
Remark 3.2. We can summarise the action of Sn on the set S unionsq S−1 as
ρi :

λi,i+1 ←→ λ−1i,i+1,
λi,j ←→ λi+1,j for all i+ 2 ≤ j ≤ n,
λj,i ←→ λj,i+1 for all 1 ≤ j < i,
λk,l ←→ λk,l otherwise, i.e., k ≥ i+ 2, or k < i and i 6= l 6= i+ 1.
The action can be further simplified as
ρi :
{
λi,i+1 ←→ λ−1i,i+1,
λk,l ←→ λk′,l′ for all (k, l) 6= (i, i+ 1),
where the transposition (k′, l′) equals (i, i + 1)(k, l)(i, i + 1) and k′ < l′. As seen in the proof of
Theorem 3.1, the action of Sn on the set S unionsq S−1 is transitive.
Theorem 3.3. The pure virtual twin group PV Tn on n ≥ 2 strands has the presentation〈
λi,j , 1 ≤ i < j ≤ n | λi,jλk,l = λk,lλi,j for distinct integers i, j, k, l
〉
.
Proof. Theorem 3.1 already gives a generating set S for PV Tn. Geometrically, a generator λi,j
looks as in Figure 4.
The defining relations are given by
τ(µrµ−1),
where τ is the rewriting process, µ ∈ Mn and r is a defining relation in V Tn. Let us take
µ = ρi1ρi2 . . . ρik ∈ Mn .
Note that, since γ(µ, ρi) = 1 for all i, no non-trivial relations for PV Tn can be obtained from the
relations (2.0.3)–(2.0.5) of V Tn. We consider the remaining relations one by one.
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Figure 4. The generator λi,j
(i) First consider the relations s2i = 1, 1 ≤ i ≤ n− 1, of V Tn. Then we have
τ(µs2iµ
−1) = γ(ρi1 . . . ρiksisiρik . . . ρi1)
= γ(1, ρi1)γ(ρi1 , ρi2) . . . γ(µ, si)γ(µsi, si) . . . γ(µsisiρik . . . ρi2 , ρi1)
= γ(µ, si)γ(µsi, si)
= γ(µ, si)γ(µρi, si)
= (µsiρiµ
−1)(µρisiµ−1)
= (µsiρiµ
−1)(µsiρiµ−1)−1,
which does not yield any non-trivial relation in PV Tn.
(ii) Next we consider the relations (siρj)
2 = 1 for |i− j| > 1. Then we have
τ(µsiρjsiρjµ
−1) = γ(µ, si)γ(µsi, ρj)γ(µsiρj , si)γ(µsiρjsi, ρj)
= γ(µ, si)γ(µsiρj , si)
= γ(µ, si)γ(µρiρj , si)
= (µsiρiµ
−1)(µρiρjsiρiρjρiµ−1)
= (µsiρiµ
−1)(µρisiµ−1)
= (µsiρiµ
−1)(µsiρiµ−1)−1,
which gives a trivial relation in PV Tn.
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(iii) Now we consider the relations ρisi+1ρiρi+1siρi+1 = 1, where 1 ≤ i ≤ n− 2. Computing
τ(µρisi+1ρiρi+1siρi+1µ
−1) = γ(µρi, si+1)γ(µρisi+1ρiρi+1, si)
= γ(µρi, si+1)γ(µρiρi+1ρiρi+1, si)
= (µρisi+1ρi+1ρiµ
−1)(µρi+1ρisiρiρiρi+1µ−1)
= (µρisi+1ρi+1ρiµ
−1)(µρi+1ρisiρi+1µ−1)
= (µρisi+1ρi+1ρiµ
−1)(µρi+1ρiρi+1ρi+1siρi+1µ−1)
= (µρisi+1ρi+1ρiµ
−1)(µρi+1ρiρi+1ρisi+1ρiµ−1)
= (µρisi+1ρi+1ρiµ
−1)(µρi+1ρi+1ρiρi+1si+1ρiµ−1)
= (µρisi+1ρi+1ρiµ
−1)(µρiρi+1si+1ρiµ−1)
= (µρisi+1ρi+1ρiµ
−1)(µρisi+1ρi+1ρiµ−1)−1
gives only trivial relations in PV Tn.
(iv) Finally we consider the relations (sisj)
2 = 1 for |i− j| > 1. If µ = 1, then we get
τ(sisjsisj) = γ(1, si)γ(si, sj)γ(sisj , si)γ(sisjsi, sj)
= γ(1, si)γ(ρi, sj)γ(ρiρj , si)γ(ρiρjρi, sj)
= (siρi)(sjρj)(ρisi)(ρjsj)
= λi,i+1λj,j+1λ
−1
i,i+1λ
−1
j,j+1.
For µ 6= 1, we have
τ(µsisjsisjµ
−1) = γ(µ, si)γ(µsi, sj)γ(µsisj , si)γ(µsisjsi, sj)
= γ(µ, si)γ(µρi, sj)γ(µρiρj , si)γ(µρiρjρi, sj)
= (µsiρiµ
−1)(µsjρjµ−1)(µρisiµ−1)(µρjsjµ−1)
= (µsiρiµ
−1)(µsjρjµ−1)(µsiρiµ−1)−1(µsjρjµ−1)−1
= (µλi,i+1µ
−1)(µλj,j+1µ−1)(µλi,i+1µ−1)−1(µλj,j+1µ−1)−1.(3.0.1)
For n ≥ 4, we set
T = {(λi,j , λ′k,l) | i, j, k, l are distinct integers with 1 ≤ i < j ≤ n, 1 ≤ k < l ≤ n and , ′ ∈ {1,−1}}.
If ρ ∈ Sn and (λi,j , λk,l) ∈ T , then Remark 3.2 implies that ρλi,jρ−1 = λi′,j′ and ρλk,lρ−1 = λ
′
k′,l′
for some , ′ ∈ {1,−1} and distinct integers i′, j′, k′, l′ with 1 ≤ i′ < j′ ≤ n and 1 ≤ k′ < l′ ≤ n.
Thus, there is an induced diagonal action of Sn on T given as
ρ · (λi,j , λ
′
k,l) = (ρλ

i,jρ
−1, ρλ
′
k,lρ
−1).
We claim that this action is transitive. Since | T |= n(n − 1)(n − 2)(n − 3), it is enough to show
that the stabiliser of some element of T has (n− 4)! elements. In fact, the stabiliser of the element
(λ1,2, λn−1,n) equals 〈ρ3, ρ4, . . . , ρn−1〉 ∩ 〈ρ1, ρ2, . . . , ρn−3〉 = 〈ρ3, ρ4, . . . , ρn−3〉 ∼= Sn−4, which is of
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order (n − 4)!. Thus, the action is transitive and the defining relations of PV Tn obtained from
(3.0.1) are precisely of the form
λi,jλk,l = λk,lλi,j
for distinct integers i, j, k, l with 1 ≤ i < j ≤ n and 1 ≤ k < l ≤ n. This completes the proof of the
theorem. 
Recall that, a group is called a right-angled Artin group if it has a presentation in which the only
relations are the commuting relations among the generators. Further, a right-angled Artin group
is called irreducible if it cannot be written as a direct product of two non-trivial subgroups.
Corollary 3.4. The pure virtual twin group PV Tn is an irreducible right-angled Artin group for
each n ≥ 2.
Proof. That PV Tn is a right-angled Artin group follows from Theorem 3.3. Since PV T2 ∼= Z and
PV T3 ∼= F3, they are irreducible. Let n ≥ 4 and suppose that PV Tn = A × B for non-trivial
subgroups A and B of PV Tn. Assume that λ1,2 ∈ A. Since [λ1,2, λ1,j ] 6= 1 for all 3 ≤ j ≤ n,
it follows that λ1,j ∈ A for all 2 ≤ j ≤ n. Consider an arbitrary generator λi,j of PV Tn with
1 < i < j ≤ n. Since [λ1,i, λi,j ] 6= 1, it follows that λi,j ∈ A, and hence B = 1, a contradiction. 
Corollary 3.5. The virtual twin group V Tn is residually finite and Hopfian for each n ≥ 2.
Proof. It is well-known that a right-angled Artin group is linear [22, Corollary 3.6] and that a
finitely generated linear group is residually finite [29]. Thus, PV Tn is linear, and hence residually
finite. Since any extension of a residually finite group by a finite group is residually finite, it follows
that V Tn is residually finite. The second assertion follows from the fact that every finitely generated
residually finite group is Hopfian [29]. 
Recall that the pure twin group PTn is the kernel of the natural surjection from Tn onto Sn.
Obviously, PTn ≤ PV Tn. As mentioned in the introduction, PTn is free for n = 3, 4, 5 and
PT6 ∼= F71 ∗20
(
Z ⊕ Z), which are all right-angled Artin groups. Though a presentation of PTn
has been given in [31], it is not clear whether PTn is a right-angled Artin group for n ≥ 7, but we
believe that it is the case.
Conjecture 3.6. PTn is a right-angled Artin group for each n ≥ 3.
The conjugation action of Sn on PV Tn gives a group homomorphism φ : Sn → Aut(PV Tn). We
conclude the section with the following observation.
Proposition 3.7. The homomorphism φ : Sn → Aut(PV Tn) is injective for each n ≥ 2.
Proof. The assertion is immediate for the case n = 2. Assume that n ≥ 3.
Case 1. n ≥ 3 and n 6= 4. Recall that the only normal subgroups of Sn are 1, An and Sn. Note
that the automorphisms φ(ρ1), φ(ρ2) and φ(ρ1ρ2) are all distinct. Thus, order of Im(φ) is strictly
greater than 2, and hence Ker(φ) must be trivial.
Case 2. n = 4. In this case, the normal subgroups of S4 are 1, S4, A4 and K4 = {1, (1, 2)(3, 4) =
ρ1ρ3, (1, 3)(2, 4), (1, 4)(2, 3)} (the Klein four group). As in the previous case, Im(φ) has more
than two elements, and hence Ker(φ) is either trivial or K4. Since φ(ρ1ρ3)(λ1,2) = λ
−1
1,2 6= 1, we
have ρ1ρ3 6∈ Ker(φ). Hence, Ker(φ) must be trivial in this case as well. 
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4. Decomposition of PV Tn as iterated semidirect product
Let in : PV Tn−1 → PV Tn be the natural inclusion obtained by adding a strand to the rightmost
side of the diagram of an element of PV Tn−1. In the reverse direction, we have a well-defined
homomorphism fn : PV Tn → PV Tn−1 obtained by removing the n-th strand from the diagram of
an element of PV Tn. Algebraically, fn is defined on generators of PV Tn by
fn(λi,j) =
{
λi,j if j 6= n,
1 if j = n.
Furthermore, we have fn ◦ in = idPV Tn−1 , and hence fn is surjective. For each n ≥ 2, let Un denotes
Ker(fn). Then we have the split short exact sequence
1 Un PV Tn PV Tn−1 1,
fn
in
that is,
PV Tn ∼= Un o PV Tn−1.
Theorem 4.1. For n ≥ 2, we have
PV Tn ∼= Un o (Un−1 o (· · ·o (U4 o (U3 o U2)) · · · )),
where U2 = PV T2 ∼= Z and Ui = Ker(fi : PV Ti → PV Ti−1) are infinitely generated free groups for
i ≥ 3.
Proof. It is clear that U2 = PV T2 ∼= Z. We use the Reidemeister-Schreier method for n ≥ 3, for
which we take the Schreier system to be PV Tn−1. Note that for µ ∈ PV Tn−1 and λi,j ∈ S, we
have
γ(µ, λi,j) =
{
1 if j 6= n,
µλi,jµ
−1 if j = n.
This implies that Un is generated by the set
X = {µλi,nµ−1 | µ ∈ PV Tn−1 and i = 1, 2, . . . , n− 1}.
Since PV T3 ∼= F3, it follows that U3 is an infinitely generated free group with generators
{µλ1,3µ−1, µλ2,3µ−1 | µ ∈ PV T2}.
For n ≥ 4, in PV Tn we have relations of the form
λi,jλk,lλ
−1
i,j λ
−1
k,l = 1,
where i, j, k, l are distinct integers with i < j and k < l. First, consider the case when none of
i, j, k, l is equal to n. Since γ(µ, λi,j) = 1 for µ ∈ PV Tn−1 and λi,j ∈ S with j 6= n, we have
τ(µλi,jλk,lλ
−1
i,j λ
−1
k,lµ
−1) = 1,
and hence there is no non-trivial relation in this case.
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Next, we consider the case when exactly one of i, j, k, l is equal to n. Without loss of generality,
we can assume that j = n. Applying the rewriting process to the relations λi,nλk,lλ
−1
i,nλ
−1
k,l = 1 of
PV Tn gives
τ(µλi,nλk,lλ
−1
i,nλ
−1
k,lµ
−1) = γ(µ, λi,n)γ(µλi,n, λk,l)γ(µλi,nλk,l, λ−1i,n)γ(µλi,nλk,lλ
−1
i,n , λ
−1
k,l )
= γ(µ, λi,n)γ(µλi,nλk,l, λ
−1
i,n)
= γ(µ, λi,n)γ(µλk,l, λ
−1
i,n)
= λµ
−1
i,n
(
λ
λ−1k,lµ
−1
i,n
)−1
.
This gives the relations
µλi,nµ
−1 = µλk,lλi,nλ−1k,lµ
−1
in Un, which simply identifies two generators of Un. Finally, to prove that there are still infinitely
many distinct generators in the set X, we consider the sequence of elements
α = λ
−
n−2,n−1λn−1,nλ

n−2,n−1
in X. Notice that α 6= α′ for  6= ′. Hence, Un is an infinite rank free group for each n ≥ 3. 
Theorem 4.1 is an analogue of a similar result of Bardakov [2, Theorem 2] for the virtual pure braid
group and of Markoff [30] for the classical pure braid group.
Corollary 4.2. Z(PV Tn) = 1 for n ≥ 3 and Z(V Tn) = 1 for n ≥ 2.
Proof. We use the elementary fact that if G = N o H is an internal semidirect product with
Z(H) = 1, then Z(G) ≤ Z(N). Recall that PV T2 ∼= Z and PV T3 ∼= F3. Since PV T4 = U4oPV T3,
we have
Z(PV T4) ≤ Z(U4).
By Theorem 4.1, Z(U4) = 1, and hence Z(PV T4) = 1. An easy induction gives Z(PV Tn) = 1 for
all n ≥ 4.
Since V T2 ∼= Z2 ∗ Z2, we have Z(V T2) = 1. For n ≥ 3, since Z(Sn) = 1 and V Tn = PV Tn o Sn, we
have Z(V Tn) ≤ Z(PV Tn) = 1. 
A right-angled Artin group is called spherical if its corresponding Coxeter group is finite. PTn is
clearly non-spherical for n ≥ 3. It is a well-known conjecture that every irreducible non-spherical
Artin group has trivial center [15, Conjecture B]. In view of Corollary 3.4, PV Tn is irreducible and
non-spherical. Hence, by Corollary 4.2, PV Tn satisfies the conjecture for n ≥ 3.
5. Automorphism group of PV Tn
Given a graph Γ with the vertex set V , the right-angled Artin group associated to Γ is the group
AΓ =
〈
V | [v, w] = 1 if v, w ∈ V are joined by an edge in Γ〉.
Conversely, each right-angled Artin group gives a graph whose vertex set is the set of generators of
the group and there is an edge between the two vertices if and only if the two generators commute.
It is easy to see that the right-angled Artin group corresponding to the complete graph on n vertices
is the free abelian group Zn and the group corresponding to the edgeless graph on n vertices is the
free group Fn. Note that PV T2 ∼= Z, PV T3 ∼= F3 and PV T4 ∼= (Z× Z) ∗ (Z× Z) ∗ (Z× Z). While
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the graphs of PV T2 and PV T3 are edgeless graphs on 1 and 3 vertices, respectively; the graphs of
PV T4 and PV T5 are shown in figures 5 and 6, respectively.
Figure 5. The graph of PV T4
Figure 6. The graph of PV T5
The link lk(v) of a vertex v ∈ V is defined as the set of all vertices that are connected to v by
an edge. The star st(v) of v is defined as lk(v) ∪ {v}. If v 6= w are vertices, then we say that w
dominates v, written v ≤ w, if lk(v) ⊆ st(w).
The generating set S = {λi,j | 1 ≤ i < j ≤ n} is the vertex set of the associated graph of PV Tn for
n ≥ 2. For each λi,j ∈ S, let
Ni,j = S \ st(λi,j) =
{
λk,l | [λi,j , λk,l] 6= 1
}
be the set of vertices that are not connected to λi,j by an edge.
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Proposition 5.1. The following hold for each λi,j ∈ S:
(1) |Ni,j | = 2n− 4.
(2) |st(λi,j)| = (n− 2)(n− 4) + n
2
. In particular, the graph of PV Tn is regular.
Proof. Note that the set Ni,j can be written as a union of four disjoint subsets as follows
Ni,j ={λi,k | i+ 1 ≤ k ≤ n, k 6= j} ∪ {λj,k | j + 1 ≤ k ≤ n}
∪ {λk,i | 1 ≤ k ≤ i− 1} ∪ {λk,j | 1 ≤ k ≤ j − 1, k 6= i}.
Observe that
|{λi,k | i+ 1 ≤ k ≤ n, k 6= j}|+ |{λk,i | 1 ≤ k ≤ i− 1}| = n− 2,
|{λj,k | j + 1 ≤ k ≤ n}|+ |{λk,j | 1 ≤ k ≤ j − 1, k 6= i}| = n− 2,
and hence |Ni,j | = 2n− 4. The second assertion is immediate. 
It is well-known (see, for example, [26, 40]) that the automorphism group Aut(AΓ) of a right-angled
Artin group AΓ is generated by the following four types of automorphisms.
(1) Graph automorphism: Automorphism of AΓ induced by an automorphism of the graph Γ.
(2) Inversion ιa: Sends a generator a to its inverse and leaves all other generators fixed.
(3) Transvection τab: Sends a generator a to ab and leaves all other generators fixed, where b
is another (different) generator with a ≤ b.
(4) Partial conjugation bˆ: If b is a generator and C = Γ \ st(b), then bˆ sends each generator a
in C to ab and leaves the other generators fixed. It follows that the partial conjugation bˆ is
simply the inner automorphism induced by b.
We consider the following three subgroups of Aut(PV Tn) for n ≥ 2.
• Autgr(PV Tn): The subgroup generated by all graph automorphisms.
• Autinv(PV Tn): The subgroup generated by all inversion type automorphisms.
• Inn(PV Tn): The subgroup of all inner automorphisms.
Following is an immediate consequence of the definition.
Lemma 5.2. Autinv(PV Tn) ∼= Zn(n−1)/22 for all n ≥ 2.
Lemma 5.3. Aut(PV Tn) =
〈
Autgr(PV Tn),Autinv(PV Tn), Inn(PV Tn)
〉
for all n ≥ 5.
Proof. We first claim that if λi,j 6= λk, l, then neither λi,j ≤ λk, l nor λk, l ≤ λi,j . Suppose that
λi,j 6= λk, l. That means either i /∈ {k, l} or j /∈ {k, l} and vice-versa (i.e. either k /∈ {i, j} or
l /∈ {i, j}). Assume that l 6= i 6= k and i 6= k 6= j. The other cases would follow similarly. Since
n ≥ 5, we can choose 1 ≤ q ≤ n such that q /∈ {i, j, k, l}. Set x = λi,q (if i < q) or x = λq,i
(if i > q) and y = λk,q (if k < q) or y = λq,k (if k > q). Observe that x ∈ lk(λk,l) \ st(λi,j)
and y ∈ lk(λi,j) \ st(λk,l). Thus neither λk,l ≤ λi,j nor λi,j ≤ λk,l. Thus, PV Tn does not admit
any automorphism of transvection type for n ≥ 5. Finally, by [26, 40], we have Aut(PV Tn) =〈
Autgr(PV Tn),Autinv(PV Tn), Inn(PV Tn)
〉
. 
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In view of lemmas 5.2 and 5.3, it remains to understand the group Autgr(PV Tn) of graph automor-
phism group of PV Tn. For n = 2, there is only one vertex, and hence Autgr(PV T2) = 1. Assume
that n ≥ 3. We define
θk := ιλk,k+1φk
for each 1 ≤ k ≤ n− 1. The action of θk on the set S of generators is described as follows:
θk :

λk,k+1 −→ λk,k+1,
λk,j −→ λk+1,j for all k + 2 ≤ j ≤ n,
λk+1,j −→ λk,j for all k + 2 ≤ j ≤ n,
λi,k −→ λi,k+1 for all 1 ≤ i < k,
λi,k+1 −→ λi,k for all 1 ≤ i < k,
λi,j −→ λi,j else, i.e., i ≥ k + 2, or i < k and k 6= j 6= k + 1.
Since each automorphism θk keeps the set S invariant, we have
(5.0.1) 〈θ1, θ2, . . . , θn−1〉 ≤ Autgr(PV Tn).
Note that this action of 〈θ1, θ2, . . . , θn−1〉 on S is transitive. In fact, given any generator λi,j ∈ S,
the automorphism (θj−1θj−2 · · · θ2θ1)(θj−1θj−2 · · · θ3θ2) maps λ1,2 onto λi,j .
Lemma 5.4. 〈θ1, θ2, . . . , θn−1〉 ∼= Sn for all n ≥ 3.
Proof. Note that θi is an involution for each 1 ≤ i ≤ n − 1. It follows from the construction that
[θi, θj ] = 1 for all |i− j| ≥ 2. We now claim that (θiθi+1)3 = 1 for all 1 ≤ i ≤ n− 2. We verify this
for i = 1 and other cases will follow similarly. Consider
θ1 :

λ1,2 −→ λ1,2,
λ1,j −→ λ2,j for all 3 ≤ j ≤ n,
λ2,j −→ λ1,j for all 3 ≤ j ≤ n,
λi,j −→ λi,j otherwise, i.e., i ≥ 3,
θ2 :

λ2,3 −→ λ2,3,
λ2,j −→ λ3,j for all 4 ≤ j ≤ n,
λ3,j −→ λ2,j for all 4 ≤ j ≤ n,
λ1,2 −→ λ1,3,
λ1,3 −→ λ1,2,
λi,j −→ λi,j otherwise, i.e., i ≥ 4, or i = 1 and 4 ≤ j ≤ n.
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Note that θ1θ2 fixes the generators λi,j for all i ≥ 4. Thus, we need to check only for λi,j with
1 ≤ i ≤ 3. We see that
θ1θ2 :

λ1,2 −→ λ2,3,
λ1,3 −→ λ1,2,
λ2,3 −→ λ1,3,
λ1,j −→ λ2,j for all 4 ≤ j ≤ n,
λ2,j −→ λ3,j for all 4 ≤ j ≤ n,
λ3,j −→ λ1,j for all 4 ≤ j ≤ n,
λi,j −→ λi,j otherwise, i.e., i ≥ 4,
and it can be easily checked that (θ1θ2)
3 = 1. Thus, sending ρk to θk gives a surjective homo-
morphism from Sn onto 〈θ1, θ2, . . . , θn−1〉. We claim that this homomorphism is injective as well.
Note that the only normal subgroups of Sn are 1, An and Sn, n ≥ 3 and n 6= 4. We know
ρ1ρ2 ∈ An. From above computation we have θ1θ2 6= 1. Thus ρ1ρ2 does not belong to the ker-
nel and consequently An and Sn can not be the kernel. So we are done for the case n ≥ 3 and
n 6= 4. For n = 4, we have an extra normal subgroup of S4, namely the Klein four-subgroup,
K4 = {ρ1ρ3 = (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)}. Like previous case, we can check that θ1θ3 6= 1.
Thus ρ1ρ3 does not belong to the kernel and consequently K4 can not be the kernel. Thus, the
kernel of the homomorphism must be trivial and 〈θ1, θ2, . . . , θn−1〉 ∼= Sn. 
We refer the set {λk,l | k < l ≤ n} as the kth column of the graph of PV Tn.
Lemma 5.5. Let φ ∈ Autgr(PV Tn) such that φ(λ1,j) = λ1,j for all 2 ≤ j ≤ n. Then φ is the
identity automorphism.
Proof. We begin by noting that if φ(λi,j) = λi,j , then being a graph automorphism, φ keeps the set
Ni,j invariant. For 1 ≤ i ≤ n− 1, we have
(i+ 1)th column ⊆ Ni,i+1 ⊆
i+1⋃
k=1
kth column.
We now proceed to the main part of the proof. Since φ(λ1,2) = λ1,2, φ keeps N1,2, i.e., first
two columns invariant. As the first column is already fixed pointwise, φ keeps the second column
invariant. Now suppose that φ(λ2,3) = λ2,j for some 4 ≤ j ≤ n. Now we have two elements λ1,3 and
λ2,3 who do not commutes, but their images (λ1,3 and λ2,j , j ≥ 4 respectively) under φ commutes.
This contradicts the hypothesis that φ is an automorphism. Thus φ(λ2,3) = λ2,3, and similarly we
can show that φ(λ2,j) = λ2,j , for all 4 ≤ j ≤ n. Now consider the element λ2,3. As φ fixes λ2,3,
it should keep N2,3 invariant. But φ already fixes first two columns pointwise. Thus φ keeps the
third column invariant. By repeated use of above arguments we get the desired result. 
Theorem 5.6. If n ≥ 3 and n 6= 4, then Autgr(PV Tn) = 〈θ1, θ2, . . . , θn−1〉 ∼= Sn.
Proof. Since the graph of PV Tn has n(n− 1)/2 vertices, it follows that
Sn ∼= 〈θ1, θ2, . . . , θn−1〉 ≤ Autgr(PV Tn) ≤ Sn(n−1)/2.
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Thus, we have Autgr(PV T3) ∼= S3. For n ≥ 5, it suffices to prove Autgr(PV Tn) ≤ 〈θ1, θ2, . . . , θn−1〉.
Consider an arbitrary automorphism φ ∈ Autgr(PV Tn). Our plan is to compose φ with finitely
many automorphism of 〈θ1, θ2, . . . , θn−1〉 and obtain the identity automorphism.
As the automorphism group 〈θ1, θ2, . . . , θn−1〉 acts transitively on the generating set S, there exists
φ1 ∈ 〈θ1, θ2, . . . , θn−1〉 such that φ1φ(λ1,2) = λ1,2. Thus the set N1,2 = {λi,j | 1 ≤ i ≤ 2, 3 ≤ j ≤ n}
should be invariant under φ1φ. Now set
φ2 :

1 if φ1φ(λ1,3) = λ1,3,
θ1 if φ1φ(λ1,3) = λ2,3,
θ3θ4 · · · θj−1 if φ1φ(λ1,3) = λ1,j , j ≤ 4,
θ3θ4 · · · θj−1θ1 if φ1φ(λ1,3) = λ2,j , j ≤ 4.
Note that φ2φ1φ(λ1,2) = λ1,2 and φ2φ1φ(λ1,3) = λ1,3. Now φ2φ1φ keeps the sets N1,2 and lk(1, 3)
invariant and thus keeps there intersection also invariant. Note that
N1,2 ∩ lk(λ1,3) =
{
λ2,j | 4 ≤ j ≤ n
}
.
We claim that there exists φ3 ∈ 〈θ4, θ5, . . . , θn−1〉 such that φ3φ2φ1φ(λ2,j) = λ2,j for all 4 ≤ j ≤ n.
Suppose that φ2φ1φ(λ2,4) = λ2,j for some 4 ≤ j ≤ n. Take ψ4 = θ4θ5 . . . θj−1 ∈ 〈θ4, θ5, . . . , θn−1〉.
Note that ψ4φ2φ1φ(λ2,4) = ψ4(λ2,j) = λ2,4 and ψ4φ2φ1φ keeps the set {λ2,j | 5 ≤ j ≤ n} in-
variant. Now suppose that φ2φ1φ(λ2,5) = λ2,j for some 5 ≤ j ≤ n. Take ψ5 = θ5θ6 . . . θj−1 ∈
〈θ5, θ6, . . . , θn−1〉 ⊆ 〈θ4, θ5, . . . , θn−1〉. Repeating the argument we can take φ3 = ψnψn−1 . . . ψ4 ∈
〈θ4, θ5, . . . , θn−1〉.
Note that, by the choice of φ3, we also have φ3φ2φ1φ(λ1,2) = λ1,2 and φ3φ2φ1φ(λ1,3) = λ1,3. We
claim that φ3φ2φ1φ(λ2,3) = λ2,3 and φ3φ2φ1φ(λ1,j) = λ1,j for all 4 ≤ j ≤ n. We use the commuting
relations among elements of N1,2 and the hypothesis that n ≥ 5. There are two cases here. First,
if φ3φ2φ1φ(λ2,3) = λ1,j for some j ≥ 4, then φ3φ2φ1φ(λ1,k) = λ2,3 and φ3φ2φ1φ(λ1,j) = λ1,l for
some k, l ≥ 4. Notice that λ2,3 and λ1,j commute but not their images. Thus, this case does not
arise. Secondly, suppose that φ3φ2φ1φ(λ2,3) = λ2,3, but φ3φ2φ1φ(λ1,j) = λ1,k for some j, k ≥ 4
with j 6= k. Then, the elements λ1,j and λ2,k commute, but not their images. Since the first two
columns are fixed pointwise, we are done by Lemma 5.5. 
Theorem 5.7. Let n ≥ 5. Then there exist split exact sequences
(5.0.2) 1→ Autinv(PV Tn)→ 〈Autgr(PV Tn),Autinv(PV Tn)〉 → Autgr(PV Tn)→ 1
and
(5.0.3) 1→ Inn(PV Tn)→ Aut(PV Tn)→ 〈Autgr(PV Tn),Autinv(PV Tn)〉 → 1.
In particular,
〈Autgr(PV Tn),Autinv(PV Tn)〉 ∼= Zn(n−1)/22 o Sn
and
Aut(PV Tn) ∼= Inn(PV Tn)o (Zn(n−1)/22 o Sn).
Proof. It follows from the construction of graph automorphisms that Autgr(PV Tn) normalises
Autinv(PV Tn). Further, since Autgr(PV Tn)∩Autinv(PV Tn) = 1, the short exact sequence (5.0.2)
splits.
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Recall from Lemma 5.3 that Aut(PV Tn) = 〈Autgr(PV Tn),Autinv(PV Tn), Inn(PV Tn)〉. Note that
any automorphism φ ∈ 〈Autgr(PV Tn),Autinv(PV Tn)〉 keeps the set S ∪ S−1 invariant. Since two
distinct elements of S ∪ S−1 are not conjugates of each other, it follows that
Inn(PV Tn) ∩ 〈Autgr(PV Tn),Autinv(PV Tn)〉 = 1.
This gives the split sequence (5.0.3). The remaining two assertions are immediate. 
Recall that PV T2 ∼= Z and PV T3 ∼= F3. The structure of Aut(F3) is well-known, see, for example,
[1, Corollary 1]. The case n = 4 is exotic and needs to be dealt with separately. Note that the
graph of PV T4 has 6 vertices and 3 pairwise disjoint edges between them. A counting argument
shows that |Autgr(PV T4)| = 48.
A group G is said to have R∞-property if it has infinitely many φ-twisted conjugacy classes for
each automorphism φ of G, where two elements x, y ∈ G are said to lie in the same φ-twisted
conjugacy class if there exists g ∈ G such that x = gyφ(g)−1. Twisted conjugacy generalises
the usual conjugacy and has deep connections with Nielsen fixed-point theory. The topic has
attracted a lot of attention in recent years. It is known that braid groups Bn [12], pure braid
groups Pn [11] and twin groups Tn [36] have the R∞-property for all n ≥ 3. We refer the reader to
[8, 9, 13, 16, 17, 18, 23, 33, 38, 39] for some recent works on the topic.
Theorem 5.8. If n ≥ 3 and n 6= 4, then PV Tn has R∞-property.
Proof. Since PV T3 ∼= F3, it has R∞-property by [10, Theorem 2.1] and [33, Lemma 2.1]. For
n ≥ 5, Lemma 5.3 gives Aut(PV Tn) =
〈
Autgr(PV Tn),Autinv(PV Tn), Inn(PV Tn)
〉
. The result
now follows from [9, Theorem 3.3.3] and the fact that graph of PV Tn is not complete. 
An automorphism of a group is called an IA automorphism if it acts as identity on the abelianization
of the group. Note that inner automorphisms are IA automorphisms. The IA automorphism group
of PV T2 is obviously trivial. On the other hand, Magnus [27] gave generators of the group of IA
automorphisms of F3 ∼= PV T3 and showed that it contains non-inner automorphisms as well. For
n ≥ 5, a direct check using the description of Aut(PV Tn) in Theorem 5.7 gives the following result.
Corollary 5.9. If n ≥ 5, then every IA automorphism of PV Tn is inner.
6. Presentation of commutator subgroup of V Tn
This section deals with commutator subgroups of V Tn and PV Tn. We begin by giving a reduced
presentation of V Tn for n ≥ 3, which we shall use in finding a presentation of V T ′n.
Theorem 6.1. The virtual twin group has the following reduced presentation:
(1) V T3 = 〈s1, ρ1, ρ2 | s21 = ρ21 = ρ22 = (ρ1ρ2)3 = 1〉.
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(2) For n ≥ 4, V Tn is generated by {s1, ρ1, ρ2, . . . , ρn−1} with following defining relations
s21 = 1,(6.0.1)
ρ2i = 1 for i = 1, 2, . . . , n− 1,(6.0.2)
ρiρj = ρjρi for |i− j| ≥ 2,(6.0.3)
ρiρi+1ρi = ρi+1ρiρi+1 for i = 1, 2, . . . , n− 2,(6.0.4)
ρis1 = s1ρi for i ≥ 3,(6.0.5)
(s1ρ2ρ1ρ3ρ2)
4 = 1.(6.0.6)
Proof. The case n = 3 is immediate. We first use the relation (2.0.7) to eliminate a few generators
and then we show that the rest of the relations in first presentation can be derived from relations
(6.0.1)–(6.0.6). We prove the desired result in the following three steps.
Claim 1. si+1 = (ρiρi−1 . . . ρ2ρ1)(ρi+1ρi . . . ρ3ρ2)s1(ρ2ρ3 . . . ρiρi+1)(ρ1ρ2 . . . ρi−1ρi) for i ≥ 2.
We note that the case i = 2 follows from relation in (2.0.7). Let us suppose that the claim holds
for i and we prove it for i+ 1. For i+ 1, we have
si+1 = ρiρi+1siρi+1ρi.
Substituting the value of si from our assumption gives
si+1 = ρiρi+1(ρi−1ρi−2 . . . ρ2ρ1)(ρiρi−1 . . . ρ3ρ2)s1(ρ2ρ3 . . . ρi−1ρi)(ρ1ρ2 . . . ρi−2ρi−1)ρi+1ρi.
By using relation in (6.0.3), we get
si+1 = (ρiρi−1 . . . ρ2ρ1)(ρi+1ρi . . . ρ3ρ2)s1(ρ2ρ3 . . . ρiρi+1)(ρ1ρ2 . . . ρi−1ρi).
Using Claim 1, we can express si, i ≥ 2, in terms of s1 and ρj ’s. This means we can eliminate the
generators si, i ≥ 2.
Claim 2. The relation
siρj = ρjsi, |i− j| ≥ 2
is a consequence of Claim 1 and relations in equations 6.0.3, 6.0.4 and 6.0.5.
Claim 1 gives
siρj = (ρi−1ρi−2 . . . ρ2ρ1)(ρiρi−1 . . . ρ3ρ2)s1(ρ2ρ3 . . . ρi−1ρi)(ρ1ρ2 . . . ρi−2ρi−1)ρj .
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If j ≥ i+ 2, then we are done by relations 6.0.3 and 6.0.5. Next, we consider the case j ≤ i− 2.
siρj = (ρi−1ρi−2 . . . ρ2ρ1)(ρiρi−1 . . . ρ3ρ2)s1(ρ2ρ3 . . . ρi−1ρi)(ρ1ρ2 . . . ρi−2ρi−1)ρj
= (ρi−1ρi−2 . . . ρ2ρ1)(ρiρi−1 . . . ρ3ρ2)s1(ρ2 . . . ρi−1ρi)(ρ1ρ2 . . . ρjρj+1ρj . . . ρi−1) (By (6.0.3))
= (ρi−1ρi−2 . . . ρ2ρ1)(ρiρi−1 . . . ρ3ρ2)s1(ρ2 . . . ρi−1ρi)(ρ1 . . . ρj+1ρjρj+1 . . . ρi−1) (By (6.0.4))
= (ρi−1ρi−2 . . . ρ2ρ1)(ρiρi−1 . . . ρ3ρ2)s1(ρ2 . . . ρj+1ρj+2ρj+1 . . . ρi)(ρ1 . . . ρi−1) (By (6.0.3))
= (ρi−1ρi−2 . . . ρ2ρ1)(ρiρi−1 . . . ρ3ρ2)s1(ρ2 . . . ρj+2ρj+1ρj+2 . . . ρi)(ρ1 . . . ρi−1) (By (6.0.4))
= (ρi−1ρi−2 . . . ρ2ρ1)(ρi . . . ρj+2ρj+1ρj+2 . . . ρ2)s1(ρ2 . . . ρi)(ρ1 . . . ρi−1) (By (6.0.3) and (6.0.5))
= (ρi−1ρi−2 . . . ρ2ρ1)(ρi . . . ρj+1ρj+2ρj+1 . . . ρ2)s1(ρ2 . . . ρi)(ρ1 . . . ρi−1) (By (6.0.4))
= (ρi−1 . . . ρj+1ρjρj+1 . . . ρ1)(ρi . . . ρ2)s1(ρ2 . . . ρi)(ρ1 . . . ρi−1) (By (6.0.3))
= (ρi−1 . . . ρjρj+1ρj . . . ρ1)(ρi . . . ρ2)s1(ρ2 . . . ρi)(ρ1 . . . ρi−1) (By (6.0.4))
= ρj(ρi−1 . . . ρ1)(ρi . . . ρ2)s1(ρ2 . . . ρi)(ρ1 . . . ρi−1) (By (6.0.3))
= ρjsi.
Claim 3. The relation
sisj = sjsi, |i− j| ≥ 2
is a consequence of Claim 1 and relations in equations (6.0.1) – (6.0.6). The proof of this claim is
along the similar lines as [24, Lemma 3]. 
We use Theorem 6.1 to give a presentation of the commutator subgroup V T ′n of V Tn for n ≥ 2.
We use the Reidemeister-Schreier method for the purpose. Since the abelianisation of V Tn is
isomorphic to the elementary abelian 2-group of order 4, we can take a Schreier system to be
M = {1, s1, ρ1, s1ρ1}.
In view of Theorem 6.1, we take the generating set for V Tn to be S = {s1, ρ1, ρ2, . . . , ρn−1}.
6.1. Generators of V T ′n. We compute the generators γ(µ, a), µ ∈ M, a ∈ S explicitly.
γ(1, s1) = s1(s1)
−1 = s1s1 = 1,
γ(1, ρ1) = ρ1(ρ1)
−1 = ρ1ρ1 = 1,
γ(1, ρi) = ρi(ρi)
−1 = ρiρ1, i ≥ 2,
γ(s1, s1) = s1s1(s1s1)
−1 = 1,
γ(s1, ρ1) = s1ρ1(s1ρ1)
−1 = s1ρ1ρ1s1 = 1,
γ(s1, ρi) = s1ρi(s1ρi)
−1 = s1ρiρ1s1, i ≥ 2,
γ(ρ1, s1) = ρ1s1(ρ1s1)
−1 = (ρ1s1)2,
γ(ρ1, ρ1) = ρ1ρ1(ρ1ρ1)
−1 = 1,
γ(ρ1, ρi) = ρ1ρi(ρ1ρi)
−1 = ρ1ρi, i ≥ 2,
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γ(s1ρ1, s1) = s1ρ1s1(s1ρ1s1)
−1 = (s1ρ1)2,
γ(s1ρ1, ρ1) = s1ρ1ρ1(s1ρ1ρ1)
−1 = 1,
γ(s1ρ1, ρi) = s1ρ1ρi(s1ρ1ρi)
−1 = s1ρ1ρis1 = (s1ρiρ1s1)−1, i ≥ 2.
For i = 2, 3, . . . , n− 1, define
xi := ρiρ1,
yi := s1ρiρ1s1,
z := (ρ1s1)
2.
Then the preceding computations show that V T ′n is generated by the set{
xi, yi, z | i = 2, 3, . . . , n− 1
}
.
6.2. Relations in V T ′n. We begin by finding relations in V T ′n corresponding to the relation s21 = 1
in V Tn.
τ(1s1s11) = γ(1, s1)γ(s1, s1) = γ(1, s1)γ(s1, s1) = 1,
τ(s1s1s1s1) = (γ(1, s1)γ(s1, s1))
2 = 1,
τ(ρ1s1s1ρ1) = γ(1, ρ1)γ(ρ1, s1)γ(s1ρ1, s1)γ(ρ1, ρ1) = 1,
τ(s1ρ1(s1s1)ρ1s1) = γ(1, s1)γ(s1, ρ1)γ(s1ρ1, s1)γ(ρ1, s1)γ(s1ρ1, ρ1)γ(s1, s1) = 1.
Next, we find relations in V T ′n corresponding to relations ρ2i = 1, i = 1, 2, . . . , n− 1.
τ(1ρiρi1) = γ(1, ρi)γ(ρi, ρi) = γ(1, ρi)γ(ρ1, ρi) = 1,
τ(s1ρiρis1) = γ(1, s1)γ(s1, ρi)γ(s1ρ1, ρi)γ(s1, s1) = 1,
τ(ρ1ρiρiρ1) = γ(1, ρ1)γ(ρ1, ρi)γ(1, ρi)γ(ρ1, ρ1) = 1,
τ(s1ρ1(ρ1ρ1)ρ1s1) = γ(1, s1)γ(s1, ρ1)γ(s1ρ1, ρ1)γ(s1, ρ1)γ(s1ρ1, ρ1)γ(s1, s1) = 1,
τ(s1ρ1(ρiρi)ρ1s1) = γ(1, s1)γ(s1, ρ1)γ(s1ρ1, ρi)γ(s1, ρi)γ(s1ρ1, ρ1)γ(s1, s1) = y
−1
i yi = 1, i ≥ 2.
Relations in V T ′n corresponding to relations (ρiρi+1)3 = 1, i = 1, 2, . . . , n− 2, are given by
τ(1(ρiρi+1)
31) =
(
γ(1, ρi)γ(ρ1, ρi+1)
)3
=
{
x−32 for i = 1,
(xix
−1
i+1)
3 for 2 ≤ i ≤ n− 2,
τ(s1(ρiρi+1)
3s1) = γ(1, s1)
(
γ(s1, ρi)γ(s1ρ1, ρi+1)
)3
γ(s1, s1)
=
(
γ(s1, ρi)γ(ρ1s1, ρi+1)
)3
=
{
y−32 for i = 1,
(yiy
−1
i+1)
3 for 2 ≤ i ≤ n− 2,
τ(ρ1(ρiρi+1)
3ρ1) =
(
γ(ρ1, ρi)γ(1, ρi+1)
)3
=
{
x32 for i = 1,
(x−1i xi+1)
3 for 2 ≤ i ≤ n− 2.
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τ(s1ρ1(ρiρi+1)
3ρ1s1) = γ(1, s1)γ(s1, ρ1)
(
γ(s1ρ1, ρi)γ(s1, ρi+1)
)3
γ(s1ρ1, ρ1)γ(s1, s1)
=
(
γ(s1ρ1, ρi)γ(s1, ρi+1)
)3
=
{
y32 for i = 1,
(y−1i yi+1)
3 for 2 ≤ i ≤ n− 2.
The preceding computations give the following non-trivial relations
x32 = 1,
y32 = 1,
(xix
−1
i+1)
3 = 1 for 2 ≤ i ≤ n− 2,
(yiy
−1
i+1)
3 = 1 for 2 ≤ i ≤ n− 2.
Next, we find relations in V T ′n corresponding to relations (ρiρj)2 = 1, |i− j| ≥ 2.
τ(1(ρiρj)
21) = (γ(1, ρi)γ(ρ1, ρj))
2
=
{
x−2j for j ≥ 3,
(xix
−1
j )
2 for i ≥ 2 and i+ 2 ≤ j ≤ n− 1,
τ(s1(ρiρj)
2s1) = γ(1, s1)(γ(s1, ρi)γ(s1ρ1, ρj))
2γ(s1, s1)
=
{
y−2j for 3 ≤ j ≤ n− 1,
(yiy
−1
j )
2 for 2 ≤ i ≤ n− 2 and j ≥ i+ 2,
τ(ρ1(ρiρj)
2ρ1) = γ(1, ρ1)(γ(ρ1, ρi)γ(1, ρj))
2γ(ρ1, ρ1)
=
{
x2j for 3 ≤ j ≤ n− 1,
(x−1i xj)
2 for i ≥ 2 and i+ 2 ≤ j ≤ n− 1,
τ(s1ρ1(ρiρj)
2ρ1s1) = γ(1, s1)γ(s1, ρ1)(γ(s1ρ1, ρi)γ(s1, ρj))
2γ(s1ρ1, ρ1)γ(s1, s1)
= (γ(s1ρ1, ρi)γ(s1, ρj))
2
=
{
y2j for j ≥ 3,
(y−1i yj)
2 for i ≥ 2 and i+ 2 ≤ j ≤ n− 1.
Thus, the non-trivial relations are
x2j = 1 for 3 ≤ j ≤ n− 1,
y2j = 1 for 3 ≤ j ≤ n− 1,
(xix
−1
j )
2 = 1 for 2 ≤ i ≤ n− 2 and j ≥ i+ 2,
(yiy
−1
j )
2 = 1 for 2 ≤ i ≤ n− 2 and j ≥ i+ 2.
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Next, consider relations (ρis1)
2 = 1, 3 ≤ i ≤ n− 1.
τ(1(ρis1)
21) = γ(1, ρi)γ(ρ1, s1)γ(s1ρ1, ρi)γ(s1, s1)
= xizy
−1
i for i ≥ 3,
τ(s1(ρis1)
2s1) = γ(1, s1)γ(s1, ρi)γ(s1ρ1, s1)γ(ρ1, ρi)γ(1, s1)γ(s1, s1)
= yiz
−1x−1i for i ≥ 3,
τ(ρ1(ρis1)
2ρ1) = γ(1, ρ1)γ(ρ1, ρi)γ(1, s1)γ(s1, ρi)γ(s1ρ1, s1)γ(ρ1, ρ1)
= x−1i yiz
−1 for i ≥ 3,
τ(s1ρ1(ρis1)
2ρ1s1) = γ(1, s1)γ(s1, ρ1)γ(s1ρ1, ρi)γ(s1, s1)γ(1, ρi)γ(ρ1, s1)γ(s1ρ1, ρ1)γ(s1, s1)
= y−1i xiz for i ≥ 3.
This gives the non-trivial relations
yi = xiz for 3 ≤ i ≤ n− 1.
Finally, we consider the relation (s1ρ2ρ1ρ3ρ2)
4 = 1.
τ(1(s1ρ2ρ3ρ1ρ2s1ρ2ρ1ρ3ρ2)
21) = (γ(1, s1)γ(s1, ρ2)γ(s1ρ1, ρ3)γ(s1, ρ1)γ(s1ρ1, ρ2)
γ(s1, s1)γ(1, ρ2)γ(ρ1, ρ1)γ(1, ρ3)γ(ρ1, ρ2))
2
= (y2y
−1
3 y
−1
2 x2x3x
−1
2 )
2,
τ(s1(s1ρ2ρ3ρ1ρ2s1ρ2ρ1ρ3ρ2)
2s1) = γ(1, s1)(γ(s1, s1)γ(1, ρ2)γ(ρ1, ρ3)γ(1, ρ1)γ(ρ1, ρ2)
γ(1, s1)γ(s1, ρ2)γ(s1ρ1, ρ1)γ(s1, ρ3)γ(s1ρ1, ρ2))
2γ(s1, s1)
= (x2x
−1
3 x
−1
2 y2y3y
−1
2 )
2,
τ(ρ1(s1ρ2ρ3ρ1ρ2s1ρ2ρ1ρ3ρ2)
2ρ1) = γ(1, ρ1)(γ(ρ1, s1)γ(s1ρ1, ρ2)γ(s1, ρ3)γ(s1ρ1, ρ1)γ(s1, ρ2)
γ(s1ρ1, s1)γ(ρ1, ρ2)γ(1, ρ1)γ(ρ1, ρ3)γ(1, ρ2))
2γ(ρ1, ρ1)
= (zy−12 y3y2z
−1x−12 x
−1
3 x2)
2,
τ(s1ρ1(s1ρ2ρ3ρ1ρ2s1ρ2ρ1ρ3ρ2)
2ρ1s1) = γ(1, s1)γ(s1, ρ1)(γ(s1ρ1, s1)γ(ρ1, ρ2)γ(1, ρ3)γ(ρ1, ρ1)γ(1, ρ2)
γ(s1ρ1, ρ1)γ(s1, s1)γ(ρ1, s1)γ(s1ρ1, ρ2)γ(s1, ρ1)γ(s1ρ1, ρ3)γ(s1, ρ2))
2
= (z−1x−12 x3x2zy
−1
2 y
−1
3 y2)
2.
We get two non-trivial relations
(y2y
−1
3 y
−1
2 x2x3x
−1
2 )
2 = 1,
(zy−12 y3y2z
−1x−12 x
−1
3 x2)
2 = 1.
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Using the relation yi = xiz, we eliminate yi for 3 ≤ i ≤ n− 1 and get the following relations.
x32 = 1,
x2j = 1 for 3 ≤ j ≤ n− 1,
y32 = 1,
(xix
−1
i+1)
3 = 1 for 2 ≤ i ≤ n− 2,
(xix
−1
j )
2 = 1 for 2 ≤ i ≤ n− 2 and j ≥ i+ 2,
(xjz)
2 = 1 for 3 ≤ j ≤ n− 1,
(y2z
−1x−13 )
3 = 1,
(y2z
−1x−1j )
2 = 1 for 4 ≤ j ≤ n− 1,
(y2z
−1x−13 y
−1
2 x2x3x
−1
2 )
2 = 1,
(zy−12 x3zy2z
−1x−12 x
−1
3 x2)
2 = 1.
The preceding computations yield the following result.
Theorem 6.2. The commutator subgroup of the virtual twin group has the following presentation:
(1) V T ′2 ∼= Z and is generated by (ρ1s1)2.
(2) V T ′3 ∼= Z3 ∗ Z3 ∗ Z and has a presentation〈
ρ2ρ1, s1ρ2ρ1s1, (ρ1s1)
2 | (ρ2ρ1)3 = (s1ρ2ρ1s1)3 = 1
〉
.
(3) For n ≥ 4, V T ′n has a presentation with generators{
xi, yi, z | i = 2, 3, . . . , n− 1
}
and relations
x32 = 1,
x2j = 1 for 3 ≤ j ≤ n− 1,
y32 = 1,
(xix
−1
i+1)
3 = 1 for 2 ≤ i ≤ n− 2,
(xix
−1
j )
2 = 1 for 2 ≤ i ≤ n− 2 and j ≥ i+ 2,
(xjz)
2 = 1 for 3 ≤ j ≤ n− 1,
(y2z
−1x−13 )
3 = 1,
(y2z
−1x−1j )
2 = 1 for 4 ≤ j ≤ n− 1,
(y2z
−1x−13 y
−1
2 x2x3x
−1
2 )
2 = 1,
(zy−12 x3zy2z
−1x−12 x
−1
3 x2)
2 = 1.
We conclude with a result on freeness of commutator subgroup of PV Tn. A graph is called chordal
if each of its cycles with more than three vertices has a chord (an edge joining two vertices that are
not adjacent in the cycle). A clique (or a complete subgraph) of a graph is a subset C of vertices
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such that every two vertices in C are connected by an edge. It is well-known that a graph is chordal
if and only if its vertices can be ordered in such a way that the lesser neighbours of each vertex
form a clique.
Theorem 6.3. The commutator subgroup PV T ′n of PV Tn is free if and only if n ≤ 4.
Proof. The assertion is immediate for n = 2, 3. The graph of PV T4 (see Figure 5) is vacuously
chordal. By [34, Corollary 4.4], the commutator subgroup of a right-angled Artin group is free if
and only if its associated graph is chordal, and hence PV T4 is free.
For n ≥ 5, fix an ordering on the vertex set of the graph, for example, it could be the lexicographic
ordering in our case. Let λi,j be a maximal vertex and p, q, r ∈ {1, 2, . . . , n}\{i, j} be three distinct
integers. Then both λp,q and λp,r are lesser neighbours of λi,j , but there cannot be an edge between
λp,q and λp,r. Thus, lesser neighbours of the vertex λi,j do not form a clique, and hence the graph
is not chordal. 
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